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Abstract 



We present a unified approach to the study of separable and Frobenius algebras. The crucial observation 
is that both types of algebras are related to the nonlinear equation R^'^R^^ — R^'^R^^ — R^^R^"^, called 
the FS-equation. Solutions of the FS-equation automatically satisfy the braid equation, an equation that 
is in a sense equivalent to the quantum Yang-Baxter equation. Given a solution to the FS-equation 
satisfying a certain normalizing condition, we can construct a Frobenius algebra or a separable algebra 
A{R) - the normalizing condition is different in both cases. The main result of this paper is the structure 
of these two fundamental types of algebras: a finitely generated projective Frobenius or separable k- 
algebra A is isomorphic to such an A{R). If A is a free fc-algebra, then A{R) can be described using 
generators and relations. A new characterization of Frobenius extensions is given: B C A is Frobenius 
if and only if A has a B-coring structure [A, A, e) such that the comultiplication A : A ^ A ®b A is 
an A-bimodule map. 



Introduction 



Frobenius extensions in noncommutative ring theory have been introduced by Kasch [31], as generalizations 
of the classical notion of Frobenius algebras over a field (see also [42], [p3|], [p^]). The notion of Frobenius 
extension has turned out to be a fundamental one, and many generalizations have appeared in the literature. 
Roughly stated, an object O satisfies a "Frobenius-type" property if two conditions hold: a "finiteness" 
condition (for example finite dimensionality) and a "symmetry" condition (for example O has an isomorphic 
dual O*). O can be an algebra ([0]), a coalgebra {^), a Lie algebra ([|2^]), a Hopf algebra ([||]) or, in the 
most general case, a functor between two categories ([14]). In fact an object O over a field k is Frobenius 
if the forgetful functor F : oRep k-M. from the category of representations of O to vector spaces is 
Frobenius, and this means that F has a left adjoint which is also a right adjoint. 

In recent years, many important new results about "Frobenius objects" came about (see [Q]-[|5|], [[7|]-[|l0|], 
[11], [14], [24], [25], [29]). Let us mention a few of them, illustrating the importance of the concept. The 
homology of a compact oriented manifold is a Frobenius algebra. In [^] (see also [^), is is shown that there 
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is a one-to-one correspondence between two-dimensional topological quantum field tlieories and Frobenius 
algebras. Frobenius extensions also appear in quantum cohomology, where they provide a generalization of 
the classical Euler class (|^). In [ p9| ] the Jones polynomial is constructed starting from certain separable 
Frobenius ring extensions, instead of starting from type IIi subfactors as in the original work of Jones. In 
[20 1 Lie quasi -Frobenius algebras are studied in connection to the classical Yang-Baxter equation, while 
Frobenius algebras appear in the study of the quantum Yang-Baxter equation ([^]). In [ ^ ] the concept of 
Frobenius manifold is introduced and discussed: a manifold M is Frobenius if each fiber of the tangent 
bundle TM has a Frobenius algebra structure. Frobenius functors were introduced in [14]. The definition is 
based on the long-standing observation that a ring extension i? C ^4 is Frobenius if and only if the restriction 
of scalars functor a-M. bM. has isomorphic left and right adjoint functors ([37], [^T]]). Theorem 4.2 in 
[14 1 states that the forgetful functor from the category of Yetter-Drinfel'd modules over a Hopf algebra H 
to the category of i^-modules is Frobenius if and only if H is finite dimensional and unimodular This 
can be viewed as the "quantum version" of the classical result that any finite dimensional Hopf algebra is 
Frobenius. We remark that, in this situation, the symmetry condition that we mentioned earlier comes down 
to unimodularity of H. 

Another fundamental concept in the theory of (non)commutative rings is that of separable extensions, we 
refer to [ ll9| ] for a detailed discussion. In [p4|], the notion of separable functor is introduced, and, as we have 
explained in [15], the existing versions of Maschke's Theorem come down to proving that a certain functor 
is separable: an object O is semisimple (or reducible) if and only if the forgetful functor F : oRep — > ^A^, 
is separable. For example, we can show that the above mentioned forgetful functor from Yetter-Drinfel'd 
modules to //-modules is separable if and only if there exists a so-called quantum integral, this is a map 
with certain properties (see [15, Theorem 3.13]). In [12], separable functors are applied to the category of 
representations of an entwined structure, introduced in [13]. 

In this paper we study Frobenius algebras and separable algebras from a unifying point of view. In order 
to do this, we focus attention to what we have called the FS-equation (or Frobenius-separability equation), 
namely 

R^'^R^'^ = R^^R^^ = R^'^R^^ (1) 

where A is an algebra over a commutative ring k and R € A A. Solutions of (|l]) automatically satisfy 
the braid equation: R^'^R^^R^'^ = R^'^R^'^R^^. Also observe that, in the case where A = Endk(M), R is 
a solution of the braid equation if and only if r o i? (or, equivalently, i? o r) is a solution of the quantum 
Yang-Baxter equation R^'^R^^R^^ = i?23^i3^i2 

Let A be an algebra with unit, and A : A ^ A® A an A-bimodule map. Then i? = A(l) is a solution of 
(|I|). It is well-known that A is separable if such a A exists, with a certain normalizing condition. Moreover, 
as shown recently in [^, yl is Frobenius if there exists a map A as above, together with a counit map 
e : A ^ k, satisfying a different normalizing condition. So both the Frobenius property and separability 
are related to solutions of the FS-equation, and this explains our terminology. We will call the two different 
normalizing conditions the normalizing separability condition and the normalizing Frobenius condition. 
Given a separable or Frobenius algebra, we find a solution of the FS-equation, satisfying one of the two 
normalizing conditions. 

The organisation of this paper is the following. In Section we generalize a result of Abrams (see [Q, 
Theorem 2.1]) stating that a finite dimensional algebra A over a field k is Frobenius if and only if there 
exists a coalgebra structure on A such that the comultiplication is a bimodule map. Based on the concept 
of Frobenius functors and drawing on the Tannaka-Krein duality theory (see [^], [^]), we can generalize 



this result to arbitrary ring extensions (see Theorem [2.4| ). In Proposition [2.7[ , we give a criterion for the 
separability of Frobenius extensions. Using duality arguments, we obtain similar results for coalgebras. 
In Section ||, we present a survey of solutions of the FS-equation. Since solutions of the FS-equation are also 
solutions of the braid equation, they can be transformed into solutions of the quantum Yang-Baxter equation. 
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leading to interesting two-dimensional solvable integrable models in statistical mechanics and quantum field 
theory (cf. [|3]|, [|2^). We will give three new classes of solutions: in Proposition |3.8[ , we construct 
solutions starting from a S weedier two-cocycle a : H H k, and we give explicit examples in the case 
where H is a finite group ring. In Proposition [3.15| we construct a solution for the FS-equation starting 
from a map 9 : {!,■■■ , n}^ {1, • • • , n} satisfying certain properties. In Proposition p. 15 a solution of the 
FS'-equation is associated to any idempotent function : {1, • • • , n} — > {1, • • • , n}. 
Section ^ contains our main result: given a solution of the FS-equation, we can construct an algebra A{R) 
and a bimodule map A such that R = A(l). If i? satisfies one of the two normalizing conditions, then 
A{R) is separable, resp. Frobenius (see Theorem p~l| ). Moreover, a finitely generated projective fc-algebra 
A is separable or Frobenius, if it is isomorphic to an algebra A{R), with R a solution of the FS-equation 
satisfying the appropriate normalizing condition (see Theorem p~3| ). In the case where A is free of finite 
rank, A{R) can be described using generators and relations. Duality arguments yield similar results about 
the structure of co-Frobenius and coseparable coalgebras. 

In Section ||, we introduce the category a^^S^ of so-called FS'-objects. These F5-objects can be compared 
to Yetter-Drinfel'd modules in the situation where one works with the braid equation rather than the FS- 
equation. An interesting aspect of this category is that it measures in a certain sense how far an algebra that 
is also a coalgebra is different from a bialgebra: over a bialgebra, the category of FS-objects happens to 
be just the category of fc-modules. Another property of the category a^<S^ is that it is isomorphic with the 
category of left A-modules when A has a unit, respectively with the category of right yl-comodules when 
A has a counit. As an immediate consequence we obtain Theorem 3.3]: for a Frobenius algebra A, the 
categories a-M. and A4^ are isomorphic. 

1 Preliminaries 

Let A: be a commutative ring. All modules, algebras or coalgebras are assumed to be over k and (g) = 
For the comultiplication A on a fc-coalgebra C, we will use S weedier 's notation, that is 

^(c) = ^ C(i) (g) C(2) G C (g) C 

for any c G C. If M is a right C-comodule, then we will say that C coacts on M, and use the notation 

PM (m) = ^ m<o> (g m<i> G M (g) C. 

Ai^ will be the category of right C-comodules and C-colinear maps. Let {AjUiaAa) be a A;-algebra 
with associative multiplication niA : A ^ A ^ A and unit 1a- All the algebras that we will consider in 
Sections 1-4 are associative with unit. a-M. will be the category of left ^-modules and yl-linear maps over 
the A;-algebra A. 



1.1 Separable algebras and Frobenius algebras 

For a /c-module M, Im : M ^ M and tm '■ M <^ M ^ M ® M will denote respectively the identity map 

on M, and the switch map, mapping m ® nto n ® m. 

For a linear map R : M ® M ^ M <^ M, we will consider the maps 

r^^ m®M(^m-^m®M(^m 

defined by the formulas 

R^^ = R®I, R^^ = I®R, R^^ = {I^t){R^I){I0t) 
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A similar notation will be used for elements e ^ A, where A is a fc-algebra: if e = ^ ® e^, then 

e^^ = ^ (g) 1 ; e^^ = ^ (g) 1 (g ; e^^ = ^ 1 (g) g) 
A sum over an empty family will be assumed to be zero: 

Let {A, niA, 1a) be a /c-algebra with unit. Then yl g) yl is an yl-bimodule with the natural actions 

a • (6 g) c) • d := a6 (g) cd 

for all a, b, c, d G A. An element e = ^e^(ge^ G A® A will be called A-central if for any a ^ Awe have 

a ■ e = e ■ a (2) 

Let i? C A be an arbitrary ring extension. Recall from [ |T^ ] that A/B is called separable if there exists a 
separability idempotent, that is an yl-central element e = ^e^(g)Be^ £ A^b A satisfying the normalizing 
separability condition 

Remark 1.1 If i? C ^ is a separable extension, then A/B is a left (right) semisimple extension in the sense 
of pn\\: this means that any left A-submodule of a left yl-module V having a B-complement in V, has an 
A-complement in V. Indeed, let e = ^ 0^ G A0b Ahe a. separability idempotent and f : V ^ W 
be a left S -module map splitting the inclusion W C V. Then 

for all V £ V,is a. left A-module map splitting the inclusion W C V. 

Observe that the deformation f f is functorial. As we have explained in [15], this is what happens 
in almost all generalizations of Maschke's Theorem that have appeared in the literature: one constructs a 
deformation of a map, and this deformation turns out to be functorial. 

Let B C Abe a ring extension. Then HomB(A, B) is an (yl, i?)-bimodule with left yl-action and right 
i?-action given by the formulas 

(a • / • b){x) = f{xa)b 
for all a, X £ A, b £ B and / G Horn b (A, B). ^From p2|], we recall the following 

Definition 1.2 Let B d Abe a ring extension. Then A/B is called a Frobenius extension (or, a Frobenius 
extension of the first kind) if the following two conditions hold: 

1) bA is finitely generated and projective in b^,' 

2) there exists an isomorphism 

If : A^ Horn B (A, B) 

of (A, B)-bimodules. 

The concept of Frobenius extension is left-right symmetric: that is any left Frobenius extension is also a 
right Frobenius extension (see [|2, Proposition 1]). Of course, for B = k we obtain the clasical concept of 
Frobenius algebra: a /c-algebra A is Frobenius if A is finitely generated and projective as a A;-module, and 
A^ A* as left yl-modules. 

A A;-coalgebra C is called coseparable ([34]) if there exists a coseparability idempotent, that is a /c-linear 
map fj : C ^ C ^ k such that 

^cr(c(g d(i))d(2) = ^cr(c(2) (i)c(i) and ^ cr(c(i) g) C(2)) = e(c) 

for all c, d e C. 
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1.2 Matrix algebras and comatrix coalgebras 

Let M be a free A;-module, with basis {mi, • • • , and {p^, • • • the corresponding dual basis of the 
dual module M*, such that 

{p\mj)=6} (4) 

for alH, j G {1, • • • , n}. 6j is the Kronecker symbol. Then {e* = rrij \ i,j = 1, • • • , n} and {c* = 
rrij^p'- I i, j = 1, • • • ,n} are free basis for respectively Endk(M) ^ M* M and Endk(M*) ^ M(8)M*. 
The isomorphisms are given by the rules 

e}{mk) = 6lmj and Cj{p'') = S^jp" (5) 

Endk(M) = M* (g) M is isomorphic to the n x n-matrix algebra M.n{k), and the multiplication in M* ® M 
is given by the rules 

n 

e^ef = 6ie'^ and XI = ^ 
1=1 

Endk(M*) = M (g) M* is isomorphic to the n x n-comatrix coalgebra A4^{k), and the comultiplication on 
M (gi M* is given by 

A(cj) = X 4 (g Cj and e(4) = (5j (7) 

k 

We obtain the matrix algebra Ain{k) and the comatrix coalgebra Ai"'{k) after we take M = k"^ and the 
canonical basis. 

A linear map R : M ® M ^ M M can be described by a matrix X, with entries Xuv G ^, where 
i, j, u, V range from 1 to n. This means 

R{mu ®my) = X xl^^rrii (g) mj (8) 



or 



IJUV 



2 Frobenius functors 

In Theorem 2.1], L. Abrams gives an interesting characterization of Frobenius algebras. Let be a field 
and A a finite dimensional /c-algebra. Then A is Frobenius if and only if there exists a coalgebra structure 
{A, A, e) on A such that the comultiplication A is an A-bimodule map. The coalgebra structure which arises 
on a Frobenius algebra can be briefly described as follows: let A be a Frobenius algebra and ip : A ^ A* 
be a left A-module isomorphism. Let (^*,myi. , 1a*) be the unique algebra structure on A* such that (p 
becomes an isomorphism of algebras. Using the usual duality between the categories of finite dimensional 
algebras and finite dimensional coalgebras (see [|l|]), we obtain that A has a unique coalgebra structure such 
that = A*M- = A-M.. In particular, |Q Theorem 3.3] follows. In this Section, we will generalize this 
result to arbitrary ring extensions B C A. The methods of M] do not work in this case; our approach is 



based on the notion of Frobenius functor, as introduced in ||14|]. Our construction of the comultiplication A 



and the counit e associated to a Frobenius extension is inspired by the Tannaka-Krein duality theory (see 



[28|, Pg]). We begin with the following key result. 
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Proposition 2.1 Let (A, m^i, 1^) be a k-algebra, A : A ^ A® A an A-bimodule map and e = A(1a)- 

1) In Ai^ A^ A, we have the equality 

ei2e23 = e23ei3 = e^'e'^ (10) 

2) A is coassociative; 

3) If {A, A, e) is a coalgebra structure on A, then A is finitely generated and projective as a k-module. 

Proof. 1) From the fact that A is an A-bimodule map, it follows immediately that e ^-central. Write 

E = E'^ (g> = e. Then 



J](e^Oe2 0l)(lO^i0£;2 
= V O e^-E^ (g) 
(using (D) = E^e^ ® (g) = e^^e^^ 



and 



V e^-E^ (g) E^ 
(using (I)) = ^ E'^e'^ = e^^e^^. 

2) follows from 1) and the formulas 

(A(g)/)A(a) = e^^e^^ • (U U O a) 
(/®A)A(a) = e^^e^^ . ^ ^ ^) 

for all a £ A. 

3) Let a e A. Applying e ^ Ia and (g e to (^, we obtain, using the fact that e is a counit map, 

and it follows that {e^, e(e^»)} (or {e^, e(«e^)}) are dual bases of A as a A:-module. □ 
Let C and V be two categories, and let 



V, 



G 

be two covariant functors. Observe that we have four covariant functors 

Homc(G(.),.) : ^"PxC^Sets , Hom2,(., F(.)) : P°p x C ^ Sets, 

Homc(», G(.)) : C°p x P ^ Sets and Hom2?(F(.), •) : 0°^ x V ^ Sets . 

Recall that G is a left adjoint for F if Homc(G(«), •) and Homx)(», F(»)) are isomorphic. G is a right 
adjoint for F if the functors Homc(», G(«)) and Homx)(F(»), •) are isomorphic. 



Definition 2.2 ([14]) A covariant functor F : C —> V is called a Frobenius functor if it has isomorphic left 
and right adjoints. 
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Remark 2,3 Let us explain the terminology. Take an arbitrary ring extension B C A and let 

F : aM bM 

be the restriction of scalars functor. Then F has a left adjoint, the induction functor, 

G = A<^B»- bM ^ aM 

and a right adjoint, the coinduction functor, 

T = HomB(A,.) : bM aM 

The left ^-module structure on T{N) = Horn b (A, N) is given by (a • 7) (6) = 'y{ba), for all a,b ^ A and 
7 G Horn b(A, N). For a left i?-module map F, we put T(/) = / o •. 

The restriction of scalars functor F : aM. —>■ bM is a Frobenius functor if and only if the extension 
B C Ais Frobenius. Indeed, the adjoint of a functor is unique upto isomorphism (see pO|]). Hence, F is a 
Frobenius functor if and only if the induction functor G is isomorphic to the coinduction functor T. This is 
equivalent (cf. Theorem 2.1], [37, Theorem 3.15]) to the fact that B C Ais a. Frobenius extension. For 



a further study of Frobenius functors we refer to [16]. 



In the next Theorem, B C A will be an arbitrary ring extension. The multiplication ruA : A x A 
then B-balanced, which means that it induces a map A (E)b A ^ A, which is also denoted by niA- 



A is 



Theorem 2.4 Let B C A be an arbitrary ring extension. Then the following statemens are equivalent: 

1) the restriction of scalars functor F : aM bM is Frobenius (or, equivalently, B C A is a 
Frobenius extension); 

2) there exists a pair (A, e) such that 

(a) A: A ^ A^B Ais an A-bimodule map; 

(b) e : A ^ B is a B-bimodule map, and a counitfor A, that is 

[I A 0B e)A = (e 0B Ia)A = I a- 
Proof Let G, T : bM aM be as above. 

1) =^ 2). Assume that G and T are isomorphic and let (j) : G = A 0b * T = HomB(A,») be a 
natural transformation, defining an isomorphism of functors. We then have the following isomorphisms of 
left A-modules: 

(pA ■ A i^B A ^ RouiBiA, A) and (/)b : A(= A (g)B B) ^ HomB(A, B) 

For a € yl, we define ipa : A ^ Ahy ipa{b) = ha. Then the map Lp : A ^ Horn b (A, A) mapping a to (fa 
is left yl-linear. Now take 

A = (t)J^ oip (i.e. A(a) = (/>a^('/'a)) and e = (I)b{Ia) 
A is left ^-linear, because and are left A-linear. 1?^ is a natural transformation, so we have a commu- 

^-1 



tative diagram 



HomB(A, A) 



fa 



A^B A 



I A ® fa 



HomB(A, A) — A®bA 



t'A 

7 



for any a G A. Applying the diagram to the identity map Ia = tpi, we find that A(a) = A(l)a, and A is 
also right ^-linear. 

By construction, e is left S-linear. We will now prove that e is also right S-linear, and a counit for A. Take 
G bM and n G N, and consider the unique left i?-linear map ipn ■ B —>■ N mapping 1^ to n. is a 
natural transformation, so we have a commutative diagram 



A(g>BB HomB(A,B) 



A0bN HomB(A,N) 

and it follows that (p^i^A ^b n) = ipnO £ and 

</'Af(lA <S^B n){a) = e{a)n 

Using the left A-linearity of obtain 

(t)N{a®Bn){b) = 4>N{a ■ {lA®Bn)){h) 
= {a ■ (j)N{lA®Bn)){h) 
= (pNi^A'^B n){ba) 
= e{ba)n. 

for all a,b ^ A and n € A^. In particular, for N = B,b = 1 and n = f3 £ B we obtain that 

(t>B{ap^B 1)(1) = e{a)p. 

Hence, 

e{aP) = (a/3 • e)(l) = (a/3 • MU ® 1b))(1) = M^P ® 1b)(1) = e(a)/?, 
and e is also right S -linear. 

Applying (H ) with a(E)B n replaced by A(l^) = X] e^, and b by 1a, we find 



(11) 



On the other hand, 

0a(A(U))(U) = MU) = Ia{1a) = 1a 
and it follows that J2 e(e^)e^ = Ia- 

e : A ^ B i& left i3-linear, and i?^ is a natural transformation, so we have a commutative diagram 



HomB(A,A) A®B A 



e o i 



Ia ®b e 



HomB(A,B) 



A(E)B B 



'B 
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Applying the diagram to Ia = 'Pi, we find tliat J2 ^^^(e^) = 1a- We conclude that 



Y,e{e')e' = Y,eMe') = lA 



and, using the fact that A is an A-bimodule map, we see that e is a counit. 

2) ^ 1). Assume A : A A ®b ^ and e : A ^ B satisfy the conditions of the second statement in the 
Theorem, and write A{1a) = e = (E>b e'^ £ A(>i)B A. eis A-central since A is an A-bimodule map. 
We will construct two natural transformations 



G 



and prove that they are each others inverses. For G ^A^, we define 

A(E)bN HomB(A,N), 

(pN{a ®B n){b) = e{ba)n, i'Nix) = ^ "Xib x(e^), 

for all X £ HomB(A, N), a, 6 € A, and n £ N. We leave it as an exercise to the reader to show that (pN 
and V'TV are well-defined, and that cj) and tp are natural transformations. Let us show that (p and ip are each 
others inverses. Applying niA o (e ®b I a) ° {Ia ^ x) to the identity 

ae^ 0B = ^ e^a 
we obtain, using the fact that e is a counit, 

5^e(aei)x(e2) = J^e(ei)x(e2a) = J^x(e(e^)e'a) =x(a) (12) 

for all a e A. Now 



4>N{ipNix))ia) 



(12) 



and 



ipN{4>N{a 0B n)) 

(e is j4-central) 
{e is a counit) 



Xia) 

^B e{e^a)n 
y^ ae"^ (g)^ e(e^)n 



proving that p and are each others inverses. 



□ 



Remark 2.5 Let S be a ring. A B-conng is (cf. p9|], [p^]) a triple ([/, A, e), where [/ is a S-bimodule, 
A:C/— >J7(8)bC/, >i?are i?-bimodule maps such that A is coassociative and e is a counit for A. 

Using this concept, the above theorem can be restated as follows: a ring extension C A is Frobenius if 
and only if A has a i?-coring structure such that the comultiplication A is an A-bimodule map. 
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For k a field, the equivalence 1) ^ 2) in the next Corollary has been proved recently by Abrams (see [Q, 
Theorem 2.1]). 



Corollary 2.6 For an algebra A over a commutative ring k, the following statements are equivalent: 

1) A is a Frobenius algebra; 

2) there exist a coalgebra structure {A, A^, e^) on A such that the comultiplication '■ A ^ A ^ A 
is an A-bimodule map; 

3 ) there exist 6 = ^6^(8)6^ & Ai^A and e £ A* such that e is A-central and the normalizing Frobenius 
condition 

Y^e{e^)e^ = Y,eh{e^) = lA (13) 
is satisfied, (e, e) is called a Frobenius pair 



Proof. 1) 44> 2) follows Theorem 2^, if we take into account that a bimodule map A : A ^ A® Ai?, 
coassociative (Proposition 2.1 ). 

2) ^ 3): observe that an A-bimodule map A : A ^ A® Ai?> completely determined by e = A(l^), 
and that there is a bijective corespondence between the set of all A-central elements and the set of all A- 
bimodule maps IS. : A ^ A® A, and use the second statement in Proposition lA. It is easy to see that the 
counit property is satisfied if and only if ( [T3| ) holds. □ 

Let j4 be a Frobenius algebra over a field k. In [Q], uja = {itia o A)(1a) G A is called the characteristic 
element of A. uja generalizes the classical Euler class e{X) of a connected orientated compact manifold X. 
A commutative Frobenius algebra is semisimple if and only if its characteristic element uja is invertible in 
A (see [|, Theorem 3.4]). 

Let i? C A be an arbitrary Frobenius extension, and let A and e be as in Theorem 2.4. We call uja/b = 
{niA o A)(l^) G A the characteristic element of the extension B C A. Using this element, we give a 
criterion for the separability of a Frobenius extension (recall from Remark LI that any separable algebra 
over a field k is semisimple). 

Proposition 2.7 Let B C Abe an arbitrary Frobenius extension such that the characteristic element uja/b 
is a unit of A. Then B C Ais a separable extension. 

Proof Let A(1a) = ®b e^- Then 

ae^ ®B = (^B e^a 

for all a G A. Hence, uja/b G Z(A), the center of A. It follows that its inverse i^^j^ is also an element in 
Z{A). Now, 

R := uj'^i^ ^ ®B (? 

is a separability idempotent, i.e. A/S is a separable extension. □ 

Let C be a projective coalgebra. In In [ 14 , Corollary 2.6] it was proved that the forgetful functor F : — > 
is Frobenius if and only if C is finitely generated over k and the dual algebra C* is a Frobenius algebra. 
We will now give the coalgebra version of Corollary 2.6. 

Theorem 2.8 For a projective k-coalgebra C, the following statements are equivalent: 
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1) the forgetful functor F : '-^ J\A k-M is Frobenius; 



2) C is finitely generated and there exists an associative and unitary algebra structure (C, mc, Ic) on 
C such that the multiplication map mc ■ C C ^ C is a C-bicomodule map. 



Proof. If F : ^ M. ^ j.JV[ is Frobenius then C is finitely generated (see [14, Corollary 2.6]). The rest of 
the proof follows from Theorem 1A_, using the fact that the categories ^ M. and c*-M. are isomorphic if C is 
a finitely generated projective coalgebra (see [[T]]). □ 



Remarks 2.9 It seems natural to call a /c-coalgebra C co-Frobenius if and only if the forgetful functor 
F : ^ A4 — > k-M. is Frobenius. Let us point out that a different definition appears in the literature (see [35]): 
C is called right co-Frobenius if there exists a right C*-monomorphism from C to C*. If C is projective, 
and the forgetful functor is Frobenius, then C is right c-Frobenius (see [|^, Corollary 2.6]). 
2) In Proposition p.ll[ , we will present a necessary and sufficient condition for the forgetful functor to be 
Frobenius, which also holds in the situation where C is not projective. 



3 The Frobenius-separability equation 



Proposition gjj leads us to the following definition 

Definition 3.1 Let {A, m^, 1a) be a k-algebra and R = (E> R'^ ^ A (S) A. 

1) Ris called a solution of the FS-equation if 

R^'^R^^ = R^^R^^ = R^^R^^ (14) 

in A® A® A. 

2} R is called a solution of the S-equation if R is a solution of the FS-equation and the the normalizing 
separability separability condition holds: 

^R^R^ = Ia (15) 

3) {R, e) is called a solution of the F-equation if R is a solution of the FS-equation, and e ^ A* is such 
that the normalizing Frobenius condition holds: 

^ e{R^)R^ = R^e{R^) = U (16) 

4 ) Two solutions of the FS-equation are called equivalent if there exists an invertible element u ^ A such 
that S = {u® u)R{u~'^ ® u^^). 



Remarks 3.2 1) The FS-equation appeared first in [^ Lemma 3.6]. If i? is a solution of the FS-equation 
then R is also a solution of the braid equation 

^12^23^12 ^ ^23^12^23 ^^^^ 

2) In many applications, the algebra A is of the form A = Endk(M), where M is a (projective) /c-module. 
Then we can view R as an element of Endk(M <® M), using the embedding Endk(M) (g) Endk(M) C 
Endk(M ® M). ( [T4| ) can then be viewed as an equation in Endk(M (g) M (g) M). This is what we will do in 
Proposition |3]^ and in most of the examples in this Section. If M is finitely generated and projective, then 
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we can identify Endk(M) (gi Endk(M) and Endk(M (?) M). In this situation, the braid equation (17) can be 
transformed into the quantum Yang-Baxter equation 



pl2 r>13 p23 r)23 plS r>12 

it it It — It It it 



(18) 



More precisely, i? is a solution of (17) if and only if r o is a solution of (|T^ if and only if o r is a 
solution of ([T|) (see [||, Remark 10.1.2]). 

The FS-equation can be rewritten as a matrix equation. Let M be a free module with basis {mi , • • • , ?n„}. 



Using the notation introduced in Section |L2|, we can represent a linear map R G Endk(M ® M) by its 
matrix X, with entries Xuv £ k, with i, j, u,v G {1, • • • , n} (see (js]) and (^). It is then straightforward to 
compute 



\ k / 



\ k 



\ k 



(19) 
(20) 
(21) 



Proposition 3.3 Let M be a free k-module with basis {mi , • • • , mn}, and let R £ End k(M (8) M) be given 
by^. 

1} Ris a solution of the FS-equation if and only if 



Z^-^uk-^vw — /_^^vk^uw — / J 
k k k 



•^kw^uv 



for all i,j, I, u,v,w £ {1, • • • , n}. 
2) R satisfies ( [75| ) if and only if 



(22) 



(23) 



for all j € {1, ■ • • , n\. 

3) Let £ be the trace map. Then {R, e) satisfies (|iq) if and only if 



(24) 



for all i,j € {1, • • • ,n}. 



Proof. 1) foUows immediately from ( 19-21 ). 2) and 3) follow from (Hh, using the multiplication rule 



and the formula for the trace 



i k H k 



□ 



As a consequence of Proposition 3.3, we can show that R € Endk(M ® M) is a solution of the equation 
^12^23 _ ^13^12 ^j^j Qjjjy ^ certain multiphcation on M M is associative. 
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Corollary 3.4 Let M be a free k-module with basis {mi, • • • , m„}, and R € Endk(M (8) M), given by 
Then R is a solution of the equation R^^R^^ = R^^R^^ if and only if the multiplication on M (S) M given 
by 



""im-r (8) nia 



(k, I, r, j = 1, ■ ■ ■ ,n) is associative. 

In this case M is a left M M-module with structure 



{nik <8) mi) • rrij := ^ xjfma 



for all k, I, j = 1, ■ ■ ■ ,n. 

Proof. Write ruki = nik mi. Then 



E 



mpg ■ [mki ■ mrj) = 2_^Xjf'mpgmra 



and 



such that 



{mpg -mki)- mrj = ^ x'^^mkam-r-j = ^ xf^x^^ 



[mpq ■ mki) ■ mrj - mpg ■ {mki ■ mrj) = ^[Y^ xf^x^^ - xfx'^g 



mr 



and the right hand side is zero for all indices p,q,k,l,r and j if and only if (g2|) holds, and in Proposition |3.3| , 
we have seen that @ is equivalent to R^'^R^'^ = R^^R^'^. 



The last statement follows from 



(mpg ■ mki) • mj - mpg • {m^ • mj) = 2_^[j_^ 4« 



\^ f \^ rrik ap _ ak ip 



rr"-V _ „a/c ip \ _ n 



where we used (22) at the last step 



□ 



Examples 3.5 1) The identity ImiSiM and the switch map tm are trivial solutions of the FS-equation in 

Endk(M® M(g)M). 

2) Let A = Mn{k) and (e^)i<j,j<n be the usual basis. Then 



el (g) e] 



1=1 

is a solution of the S'-equation and (ii, trace) is not a solution of the F-equation. 

3) Let R ^ A ® Ahe. & solution of FS-equation and u £ A invertible. Then 

''R= iu®u)R{u-^ (S)u-^) (25) 
is also a solution of the FS-equation. Let FS(yl) be the set of all solutions of the FS-equation, and U{A) 



the multiplicative group of invertible elements in A. Then (25) defines an action of U (A) on FS(y4). 
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4) If a € ^ is an idempotent, then a a is a solution of the FS -equation. 



5) Let A be a fe-algebra, and e € A ® A an yl-central element. Then for any left yl-module M, the map 

R = Re -. M ®M ^ M (^M given by 



i?(m ®n)= ■ m ® 



n 



(26) 



(m, n E M) is a solution of the FS-equation in Endk(M (X) M (8) M). This is an easy consequence of (10). 
Moreover, if e is a separability idempotent (respectively (e, e) is a Frobenius pair), then i? is a solution of 
the S-equation (respectively a solution of the F-equation). 

6) Let G be a finite group, and A = kG. Then e = ® 9^^ is an j4-central element and {e,pi) is 

geG 

a Frobenius pair (pi : kG k is the map defined by pi{g) = 6i^g, for all g € G). Hence, kG is a 
Frobenius algebra (this is the Frobenius reciprocity law from group representation theory). Furthermore, if 
(char(A;), \G\) = 1, then e' = |G|~^e is a separability idempotent. 

7) Using a computer program, Bogdan Ichim computed for us that FS(A^2(^2)) (resp. FS(A42(Z3))) 
consists of exactly 38 (resp. 187) solutions of the FS-equation. We will present only two of them. Let k be 
a field of characteristic 2 (resp. 3). Then 



R 



/I 1 1 0\ 

10 1 

10 1 

Vo 1 1 1/ 



(resp. R 



/I 1\ 

112 

112 

\1 2 2 1/ 



are solutions of FS'-equation. 

8) Let M be a free A;-module, with basis {mi, 1712, • • • , m„}, and let R be given by 



Thus Xuv 



6lau, with notation as in 



An immediate verification shows that ii is a solution of the 



FS-equation. If e is the trace map, then (i?, e) is a solution of the F-equation if and only if = ^l- ^ is a 
solution of the S'-equation if and only if n is invertible in k, and naj = dj. 

If is a finite dimensional unimodular involutory Hopf algebra, and t is a two-sided integral in H, then 
R = Yl ^(1) ^{^{2)) is a solution of the quantum Yang-Baxter equation (cf. [33, Theorem 8.3.3]). In our 
next Proposition, we will show that, for an arbitrary Hopf algebra H, Ris a. solution of the FS-equation and 
the braid equation. 

Proposition 3.6 Let H be a Hopf algebra over a commutative ring k, and t & H a left integral. Then 
R = 'S'(i(2)) £ H ® H is H -central, and therefore a solution of the FS-equation and the braid 

equation. 

Proof. For all h G H,we have that ht = e{h)t and, subsequently, 



14 



Multiplying the second and the third factor, we obtain 

ht(i) ® S{t(2)) = ® S{t(2))h 

proving that R is //-central. □ 

Remarks 3.7 1) If e{t) = 1, then i? is a separability idempotent and H is separable over k, and, using 
Remark 1.1, we recover Maschke's Theorem for Hopf algebras (see ||l|]). 



2) If t is a right integral, then a similar argument shows that ^ 'S'(t(i)) ® t(2) is an //-central element. 
Let // be a Hopf algebra and a : H ® H ^ kbe a. normalized Sweedler 2-cocycle, i.e. 

a{h (g) 1h) = cr{lH (E> h) = e{h) 

^cr(/C(i) /(i))cr(/l /C(2)/(2)) = X] ^(^(1) ® ^(1))'^(N2) ^(2) ®0 (27) 

for all h, k, I £ H. The crossed product algebra is equal to H as fe-module and the (associative) 
multiplication is given by 

for all g, h € = H. 

Proposition 3.8 Let H be a cocommutative Hopf algebra over a commutative ring k,tGHa right integral, 
and a : H ® H ^ k a normalized convolution invertible Sweedler 2-cocycle. Then 



i2a = J^cT-i(5(t(2))® t(3)) 5(^(1)) eH^®H^ (28) 

is H^-central, and a solution of the FS-equation and the braid equation. Consequently, if H is a separable 
Hopf algebra, then is also a separable algebra. 



Proof. The method of proof is the same as in Proposition |3.6| , but the situation is more complicated. For all 
/i G //, we have th = e{h)t, and 

and 

Yjh® S{t(^i)) ® 5(t(2)) ® t(3) ® t(4) = Y ^(1) ® S{hl2))S{t(i)) ® S'(/l(3))S'(t(2)) ® t(3) V) ® *(4)^(5) 

We now compute easily that 

h-R^ = ^a-i(5(t(2))0t(3))/i-5(t(i))®i(4) 

= X]^~^('^(^(3))'^(*(2) ■ (•S'(/l(2))5'(^(l))) ® i(4)^5) 

® 5'(/l(2))(l)5'(t(i))(i))(/l(i))(2)S'(^(2))(2)'S'(t(l))(2) ^ *(4)^(5) 
= X]^~^('^(^(3))'^(*(3) «'*(4)/l(4))f^(^(l) 'S'(/l(2)5'(t(2)))5'(t(i)) Ot(5)/l(5) 
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On the other hand 

Ra-h = J^a-n'5(*{2))®i{3))5(i(l))«)t(4) 

= X] ^"H5'(i(2)) ® i{3))'7(t(4) ® h(i))S{t(i)) ® i(5) V) 

In order to prove that R^r is i^cr-central, it suffices to show that, for all f,g^H: 

^ a-i(5(/i(3))5(5(2)) ® (7{3)/i{4))<^(/i{i) ® 5(/i(2))S((7{i))) = 5^ a-\S{g(^i)) (g) g^2)Mg(3) ® h) (29) 

So far, we have not used the cocommutativity of H. If H is cocommutative, then we can omit the Sweedler 
indices, since they contain no information. Hence we can write 

A(/i) = y^/ng) /i 

The cocycle relation ( |27| ) can then be rewritten as 

^a{h®kl) = ^a-'^{k®l)a{h®k)a{kh®l) (30) 
^a{hk(g)l) = ^(T'^{h(gk)a{k®l)a{h(gkl) (31) 
Using (|^, ( pH ) and the fact that a is normalized, we compute 

'y-\S{h)S{g) ® gh)a{h Sih)Sig)) 

= ® Sig))a-HS{g) ® gh)a-\Sih) ® S(<7)5/i) 

= Y.'^^9(^^^'^'^^^^9)(^9)<^'\Sig)g(^h) 



proving (29). We also used that 

which follows from the cocycle condition and the fact that a is normalized. Finally, if H is separable, then 
we can find a right integral t such that e{t) = 1, and we easily see that {Ra) = 1> proving that R^ is a 
solution of the 5-equation. □ 



In [ 22 ] solutions of the braid equation are constructed starting from 1-cocycles on a group G. The interesting 
point in this construction is that, at set theory level, any "nondegenerate symmetric" solution of the braid 
equation arises in this way (see [22, Theorem 2.9]). Now, taking G a finite group and H = kG in Proposi- 
tion 3.8, we find a large class of solutions to the braid equation, arising from 2-cocycles a : G x G ^ k*. 
These solutions R can be described using a family of scalars (x™), as in Proposition where the indices 
now run through G. Let n = \G\, and write A4n{k) = A4c{k), with entries indexed by G x G. 

Corollary 3.9 Let G be a finite group of order n, and a : G x G ^ k* a normalized 2-cocycle. Then 

Ra = ixuv)i,j,u,veG given by 



X. 



Sj ui-^v ^ ^{%u ^,ui ^)a{iu ^,u)a{ui ^,v) (32) 



(i, j, u, V & G) is a solution of the FS-equation. If n is invertible in k, then n ^R is a solution of the 
S-equation. 
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Proof. The twisted group algebra k^jG is the /c-module with basis G, and multiplication given hy g ■ h = 
a{g, h)gh, for any g, h ^ G. t = YlgeG 9 ^ ^^^^ integral in kG and the element ii^ defined in ( ^8| ) takes 
the form 

g&G 

Using the multiplication rule on k^^G, we find that the map 

Ra ■ KG (g) k„G k„G (g) k„G, R„{u ®v) = R„- {u®v) 

is given by 



ieG 

If we write 

Ra{.U (g) t>) = ^ i j 

i,jeG 

then Xuv is given by (5^. □ 



We will now present a coalgebra version of Example 3). First we adapt an old definition of Larson 



(my 

Definition 3.10 Let C be a k-coalgebra. A map a : G ® C ^ k is called an FS-map if 

a{c (g d(i))d(2) = a(c(2) «) (i)c(i) . (33) 
If, in addition, a satisfies the normalizing condition 

^cr(c(i) (gc(2)) = e(c) (34) 
then a is called a coseparability idempotent. 

If there exists an f ^ C such that the FS-map a satisfies the normalizing condition 

a{f ^c) =a(c® f) =e{c) (35) 
for all c £ G, then we call (cr, /) an F-map. 

Proposition 3.11 Let G be a coalgebra over a commutative ring k. 

1) G is coseparable if and only if there exists a coseparability idempotent a; 

2) The corestriction of scalars (or forgetful) functor —>■ is Frobenius if and only if there exists an 
F-map {a, /). 



Proof. 1) is well-known, see p4|]. To prove 2), we recall first that G = C(g • is a right adjoint of the forgetful 
functor F : C = ^ M. M. = kM. G is also a left adjoint of F if there exists natural transformations 

e : 1m FG and 1^ : GF ^ Iq 

such that 

F{vm) o Opi^M) = Im (36) 
^G{N) ° G^On) = In (37) 
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for all M G ^ M, N e M.ln p|], we have seen that there is a one-to-one correspondence between natural 



transformations v : GF Iq and FS-maps (see [15, Theorem 2.3, Proposition 2.5 and Example 2.11]). 



Given u, the corresponding FS-map is cr = ec" o uc- Given a, we recover u by putting um '■ GF{M) = 
C^M ^ M, 

vm{c <8) m) = ^ cr(c ® m(_i))m(o) 

There is also a one-to-one correspondence between natural transformations 9 : Ij^ FG, and elements 
f E G (see [|l^. Theorem 2.4], in the special case A = k). The element f G G corresponding to 6 is just 
6*^(1). Conversely, given /, we construct 6 by setting 6j\f : N ^ G ® N, 



for every fe-module A^. ( |36[ ) is equivalent to 

^cr(/(g)m(_i))m(o) = m (38) 
for all m G M. Taking M = G and m = c, we obtain, after applying e to both sides 

a{f ®c)= e(c) (39) 



If (g9|) holds, then we find for all m G M 

^ cr(/ (g) m(„i))m(o) = ^ e(m(„i))m(o) = m 



and (^ holds. 

Now (37) is equivalent to 

J^ct(cO/(i))/(2) On = c®n (40) 
for all c G C and n G N. Taking N = k, n = I, and applying e to both sides, we find 

a(c®/) = e(c) (41) 

for all c G C. Conversely, if (^ holds, then 

^cr(c0/(i))/(2) ®n = ^cr(c(2) «)/)c(i) (g)n 
^e(c(2))c(i) (g) n = c(g)n 



and (40) follows. □ 



Examples 3.12 1) The comatrix coalgebra A4^{k) is coseparable and 
is a coseparability idempotent. 

2) Let kbe a. field of characteristic zero, and consider the Hopf algebra G = k[Y] (with A{Y) = Y (g) 1 + 
1(S>Y and e{Y) = 0). Then the only FS-map a : C (g) C — > A; is the zero map. Indeed, sigma is completely 
described by a{Y' (g) Y^) = Uij. We will show that all Uij = 0. Using the fact that A(y") = (5(y)", we 
easily find that (^ is equivalent to 

m\ ■ \ - / n 



j=0 ' i=0 



^ a„,„_,y^- = . a„_,™y^ (42) 
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for all n, m G N. Taking n > m, and identifying the coefficients in Y^, we find Un^m = 0. If m > n, we 
also find an,m = 0, now identifying coefficients in Y"^. We can now write a„m = o-n^nm- Take m > n. 



The righthand side of ( p2| ) amounts to zero, while the lefthand side is 



m 
m — n 



It follows that a„ = for all n, and a = 0. 

Proposition 3.13 Let C be a coalgebra, a : C ® C ^ k an FS-map and M a right C-comodule. Then 
the map 

: M ® M ^ M ® M, R^{m®n) = cr("i(i) n(i))m(o) ^ n(o) 
(m, n ^ M) is a solution of the FS-equation in Endk(M (8) M M). 

Proof. Write R = R^ and take l,m, n £ M. 

R^"^ R^^ {I ® m n) = i?^^ ® ® m(o) n(o)) 

= X] '^("^(2) ® ^(i))o"(^(i) ® "^(i))^(o) ® "i(o) (g) n(o). (43) 
Applying @ to (gs]), with m = c, n = d, we obtain 

R^"^ R^^ {I m (g) n) = ^ cT(m(i) n(i))cj(/(i) (g) ?i(2))^(0) ® "i(o) (g) n(o) 



Applying (33) to (p3|), with m = d, / = c, we obtain 

R^"^ R^'^ {I ® m ® n) = ^ o-(/(i) n(i))cr(/(2) (8) rri(i))/(o) (g) m(o) n(o) 

= R^^R^'^{l®m®n) 

proving that is a solution of the F5-equation. □ 

Remark 3.14 If C is finitely generated and projective, and ^ = C* is its dual algebra, then there is a 
one-to-one correspondence between F5-maps a : C (E> C ^ k and A-central elements e € A A. The 
correspondence is given by the formula 

a{c(g)d) = ^(c,e^)(d,e^). 
In this situation, the map Re from Example [3 .51 5) is equal to i?^- Indeed, 

Ra{rn®n) = ^ cr(m(i) (g) n(i))m(o) (g n(o) 

= ■ m® ■ n 

= Re{m®n). 
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We will now present two more classes of solutions of the F5-equation. 
Proposition 3.15 Take a€A;, X = {1,..., n\, and 9 : X a map satisfying 



0{u,i,j) = V 
0{hu,j) = V 
^{hj,u) = V 
6{i,j,k) = e{u,v,w) 



e{v,j,i) = u 
9{j,v,i) = u 
9{j,i,v) = u 
9{j, i, u) = 9{k, w, v) 



1)R= (xf'') G Mn2{k) given by 



is a solution of the FS-equation. 

2) Assume that n is invertible in k, and take a = n~^. 
2a) R is a solution of the S-equation if and only if 



k,i) = i 



for all i,k £ X. 

2b) Let e be the trace map. (R, e) is a solution of the F-equation if and only if 



9{i, k,k) = i 



for all i,k £ X. 



Proof. 1) We have to verify (E2b. Using (46), we compute 



E 



■^uk-^vw 



/ > "e(u.i.k)"e(v.i.w) 

k 
k 

-.2 \^ s:Sij,u,i) 



In a similar way, we find 



E 

k 

E 



■^vk-^uw 



•^kw^uv 



a 



e(u,j,v) 



Using @, we find that @, (||), and @ are equal, proving @. 
2a) We easily compute that 

^x'll=n ^ ^ 4{i,j,fc) =^ K{k,k,i) 
and it follows from that i? is a solution of the S-equation if and only if 9{k, k,i) = i for all i and k. 



(44) 
(45) 
(46) 
(47) 

(48) 



(49) 

(50) 
(51) 
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2b) We compute 

k k 
k k 

and it follows from that {R, e) is a solution of the F-equation if and only if 9{i, k,k) = i for all k. □ 



,fc,fc) 

k k 
d 

^e(i,k,k) 
k 



Examples 3.16 1) Let G be a finite group. Then the map 

9: G xG xG ^G, e{i,j,k)=ij-^k 

satisfies conditions (p4|-p7|). 

2) Let G be a group of order n acting on X = {1, 2, • • • , n}, and assume that the action of G is transitive 
and free, which means that for every i, j E X, there exists a unique g £ G such that g{i) = j. Then the map 
6: X X X X X ^ X defined by 

d{i,],k)=g-\k) 

where (7 € G is such that g{i) = j, satisfies conditions (H-pTb. 



Proposition 3.17 Let n be a positive integer, (/> : {1, • • • , n} — > {1, ■ • • , n} a function with (fp' = (f) cmd M 
a free of rank n k-module with {mi, • • • , m„} a k-basis. Then 

R't' : M <^ M ^ M ® M, R^{mi (g) ruj) = 6ij ^ ma nib (52) 

a,bG</)-i(«) 

(i, j = 1, ■ ■ ■ ,n), is a solution of the FS -equation. 
Proof. Write R = R"^, and take p, g, r G {1, . . . , n}. Then 

R}^R^^{mp niq ® rrir) = R^^ (^Sqr nip nia <8> m^j 

= V ^ 5ap ^ mc^md'Sinib 

= Sqr6^(^p)q ^ ^ nic ® nid ® m^. 

If 4>~^{p) is nonempty (take x G (p~^{p)), and (j){p) = q, then q = (j){p) = (j)'^{x) = 4>{x) = p, so we can 
write 

R^'^R^^{mp(®nnq®mr)=5pqr^(^p^ ^ ma®nib<®mc- 

In a similar way, we can compute that 

R^"^ R^^ {nip ® niq ® nir) = R^^ R^"^ {nip ® niq ® nir) 

= ^,rm E ^a^nib^m^. 
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□ 



Note that appeared already in [39], where it was proved that is a solution of the integrability condition 
of the Knizhnik-Zamolodchikov equation [R^'^.R^'^ + R'^'^] = 0. 

Now we will generalize Example 3^ 3) to algebras without a unit. Recall that a left yl-module M is called 
unital (or regular, in the terminology of [^]) if the natural map A <^a M ^ M is an isomorphism. 

Proposition 3.18 Let M be a unital A-module, and f : A ^ A CS) A an A-bimodule map. Then the map 
R : M M ^ M M mapping m ® a ■ n to f{a){ra ® n) is a solution of the FS -equation. 

Proof. Observe first that it suffices to define R on elements of the form m®a-n, since the map A<^aM —>■ M 
is surjective. R is well-defined since 

R{m®a-{b-n)) = f{a){ra®b-n) 

= f{a){lM^b){m(g}n) 
= f{ab){m(^n) 

Write /(a) = ^ a^, for all a e A. Then 

f{ab) = Y^a^ (^aH = Y^ ab^ O 6^. 

Now 

R^'^{R^^{m^bn^ ap)) = R^'^(^m ® a^bn ® a^p) 

= o}b^m ® b^n ® a^p 
= R^^(^b^m®b^n®p) 
= R^^{R^'^{m(^bn®ap)). 

In a similar way, we prove that R^'^R^'^ = R^^R^^. □ 



4 The structure of Frobenius algebras and separable algebras 



The first statement of Proposition 2. 1 can be restated as follows: for a A;-algebra A, any A-central element 
€ A ® ^ is a solution of the FS-equation. We will now prove the converse: for a fiat fc-algebra A, any 
solution of the FS-equation arises in this way. 

Theorem 4.1 Let A be aflat k-algebra and ii = ^i?^<8'i?^ G A<Si Aa solution of the FS-equation. Then 

1 ) Then there exists a k-subalgebra A{R) of A such that R G A{R) A{R) and R is A{R)-central. 

2) If R ^ S are equivalent solutions of the FS-equation, then A{R) = A{S). 

3) {A{R),R) satisfies the following universal property: if{B,mB, 1b) cin algebra, and e G B B 
is an B-central element, then any algebra map a : B ^ A with (a (8> Q:)(e) = R factors through an 
algebra map a : B A{R). 

4) If R G A® A is a solution of the S-equation (resp. the F-equation), then A(Jl) is a separable (resp. 
Frobenius) algebra. 
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Proof. 1) Let A{R) = {a e A \ a ■ R = R ■ a}. Obviously A[R) is a A;-subalgebra of A and Ia G A{R). 
We also claim that R G A{R) A{R). To this end, we observe first that A{R) = Ker((/3), with ip : A 
A A°P defined by the formula 

ip{a) = (a (g) 1a — 1a ® a)R. 



A is flat as a A;-algebra, so 
Now, 



A{R) ^ = Ker((/p (g) IcIa). 



{ip®lA){R) = ^r^R^ ®R^ ®r'^ -^R^ ®R^r^ ®r'^ 
= R^^R^"^ - R^^R^^ = 

and it follows that R S A{R) A. In a similar way, using that i?^2^23 ^ R^^R^^^ we get that i? G 
A ® A{R), and we find that R G ^(i?) (g) Hence, i? is an ^(i?)-central element of A{R) A{R). 

2) Let G U{A) such that 5 = (u (g) u)R{u~'^ (g) u^^). Then 

A : A{R) ^ ^(5), A(a) = nan"! 
for all a G w4(i2) is a well-defined isomorphism of A;-algebras. 

3) Let 6 G If we apply a (g) a to the equality (6 (g) l_B)e = ^.{Ib &) we find that the image of a is 
contained in A{R), and the universal property follows. 

4) The first statement follows from the definition of separable algebras and the second one follows from 3) 
of Corollary E^. □ 



Remark 4.2 Let ^ be a separable /c-algebra and R G A (g ^ a separability idempotent. Then R and 
S* := (g are solutions of the FS-equation, A{R) = A{S) = A and of course, R and 5 are not equivalent. 

We can now prove the main result of this paper. 

Theorem 4.3 For a finitely generated and projective algebra A over a commutative ring k, the following 
statements are equivalent: 

1) A is a Frobenius (resp. separable) algebra. 

2) There exists an algebra isomorphism 

A ^ A{R), 

where R G Endk(A) (g) Endk(A) is a solution of the Frobenius (resp. separability) equation. 

Proof. 1) =^ 2) Both Frobenius and separable algebras are characterized by the existence of an ^d-central 
element with some normalizing properties. Let e = ^e^(g)e^ GA(g^be such an ^-central element. Then 
the map 

R = Re-. A® A ^ A® A, R{a (g 6) = ^ e^a g) e^b 

(a, b G A), is a solution to the FS-equation. Here we view Re G End k(A (g> A) = End k(A) (g End k(A) (A 
is finitely generated and projective over k). Consequently, we can construct the algebra A{R) C Endk(A). 
We will prove that A and A{R) are isomorphic when A is a Frobenius algebra, or a separable algebra. 
First we consider the injection i : A Endk(A), with i{a){b) = ab, for a,b £ A. Then image of i is 
included in A{R). Indeed, 

A(R) = {/ G Endk(A) I (f Ia) o R = R o (Ia ® f)} 
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Using the fact that e is an j4-central element, it follows easily that (i(a) ® Ia) o R = Ro (/^ i(a)), for 
all a ^ A, proving that Im(i) C A{R). 

If / € ^(-R), then (/ o R = Ro (/^ /), and, evaluating this equality at 1a ^ a, we find 

J^/(ei)®e2a = ^ei0e2/(a) (53) 

Now assume that A is a Frobenius algebra. Then there exists e : A ^ k such that ^e(e^)e^ = 
J2 e^e(e^) = 1^- Applying e ^ Ia^o (53) we obtain that 



/(a) = £e(/(e^))e 



for all a £ A. Thus, / = e(/(e^))e^). This proves that Im(i) = A{R), and the corestriction of i to 
^(i?) is an isomorphism of algebras. 

If A is separable, then ^ e^e^ = I a- Applying tua to ( ^3| ) we find 



/(a) = (^/(eV)« 

for all a £ A. Consequently / = /(e^)e^), proving again that ^ and A{R) are isomorphic. 

2) =^ 1) This is the last statement of Theorem 0. □ 

If A is free of finite rank n as a A:-module, then we can describe the algebra A{R) using generators and 
relations. Let M be free as a A;-module, with basis {mi, m2, . . . , m„}. In Section [O] , we have seen that 
an endomorphism R € Endk(M M) is determined by a matrix (see (^ and (^) i? = (xui;)ij>,i;=i,n G 
Aini{k). Suppose that i? is a solution of FS-equation. Identifying Endk(M) and A^„(fc), we will write 
A{n, R) for the subalgebra of Ain{k) corresponding to A{R). An easy computation shows that 

n n 

A{n,R) = {{a})eMnik)\ ^«. = ^<"X, (V) i, j, n, = 1, • ■ ■ , n} (54) 

a=l a=l 



where i? is a matrix satisfying (|22D. 

Corollary 4.4 Let A be a k-algebra which is free of rank n over k. Then the following statements are 
equivalent: 

1) Ais a Frobenius (resp. separable) algebra; 

2) there exists an algebra isomorphism 

A ^ A{n,R), 

where R € M.n^{k) = ^Anik) ® ^An{k) is a solution of the Frobenius (resp. separability) equation. 



Remarks 4.5 1) Over a field k that is algebraically closed or of characteristic zero, the structure of finite 
dimensional separable A;-algebras is given by the classical Wedderbum-Artin Theorem: a finite dimensional 
algebra A is separable if and only if is semisimple, if and only if it is a direct product of matrix algebras. 
2) As we have seen in Remark 3.14, the dual A* of a separable finitely generated projective algebra is a 
coseparable finitely generated projective coalgebra. Thus we obtain a structure Theorem for coseparable 
coalgebras, by using duality arguments. 

More precisely, let C be a coseparable A;-coalgebra which is free of rank n over k. Then there exists an 
FS-map a : C ®C ^ k satisfying the normahzing condition (^4)). Let A = C* and A ® A = C* ® C* . 
Then a is an ^d-central element of A, satisfying the normahzing condition (15). ^From Corollary 0, we 
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see that A = A{n, a), and therefore C = A{n, a)*. Now A{n, a)* can be described as a quotient of the 
comatrix coalgebra: A{n, a)* = A4^{k)/I, where / is the coideal of A4^{k) that annihilates A{n, a); I is 
generated by 

n 

{o{i, j, u,v) {c^x^L - xZcL) I i,j,k,l = l...,m} 



a=l 



Here we use the notation introduced in Section [L2[ and x*]^ = a{cj (g) cf ). In a similar way, we can describe 
finite dimensional coalgebras C for which the corestriction of scalars functor is Frobenius. 



Examples 4.6 1) Let M be a free module of rank n, and R = Im®m- Then 

A{R) = {/ G Endk(M) I f O Im = Im ® f} = k 

2) Now let R = tm be the switch map. For all / E Endk(M) and m,n £ M, we have 

((/ (8) Im) o r)(m (g) n) = /(n) (g) m = (r o (1^ /))(m (g) n) 
and, consequently, A{t) ^ Mn{k) and C(r) ^ 

3) Let M be a finite dimensional vector space over a field k, and / G Endk(M) an idempotent. Then 

/) = {5 G Endk(M) I f o g = g o f = of for some q G k} 

Indeed, g G A{f (g /) if and only if 50/® / = / (g/o^. Multiplying the two factors, we find that 
g o f = f o g. Now gof®f = f^gof implies that go f = af for some a G k. The converse is obvious. 
In particular, assume that M has dimension 2 and let {mi, 7712} be a basis of M. Let / be the idempotent 
endomorphism with matrix 

/ 1 — rq q \ 
y r(l — rq) rq J 

Assume first that rq ^ I and r 7^ 0, and take g G Endk(M) with matrix 

fa b 
\c d 

g G A{f g) /) if and only if 

a = a + br ; c + dr = r{a + br) ; 6r(l — rq) = qc 

The two last equations can be easily solved for b and c in terms of a and d, and we see that A{f <g /) has 
dimension two. We know from the proof of Theorem 4J that / G A{f (g /). Another solution of the 
above system is and we find that A{f (g /) is the two-dimensional subalgebra of Endk(M) with basis 
{/, Im}. Put /' = Im - /■ Then {/, /'} is also a basis for A{f ® /), and A{f ® f) = k x k. C{f ® /) is 
the grouplrke coalgebra of dimension two. We find the same result if rq = I ot q = 0. 



4) Let R G A1„2 (k) given by equation ( |48| ) as in Proposition [3.15| . Then the algebra A{n, R) is given by 

A{n,R) = {{a}) G Mn{k) \ a^'^'^) = a^^^.^^^, (V) j,n,t; G X} (55) 



Proposition 3.15 tells us when this algebra is separable or Frobenius over k. 

Assume now that G is a finite group with |G| = n invertible in k and 6 is given as in Example 3.16| 2). Then 
the above algebra A{n, R) equals 

A = {(4) G Mnik) I = aj(^.), (V) i,j ex and g e G} 
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Indeed, if (a* ) G A, then (a^) G ^(n, i?), since g{9{j, v, i)) = u implies that g{j) = 0{u, i, v). Conversely, 
for (oj) G A{n, R), we choose i, j ^ X and g £ G. Let u = g{i) and v = g{j). Then 6{j, v, u) = i, hence 



ai = a-' 



'9(JV 



showing that A = A{n, R). ^From the fact that G acts transitively, it follows that a matrix in A{n, R) is 
completely determined by its top row. For every g £ G,sn& define Ag G A{n, R) by {Ag)\ = Then 
A{n, R) = {Ag I g G G}, and we have an algebra isomorphism 

/: A{n,R)^kG, f{Ag)=g 

For example, take the cyclic group of order n,G = Gn- 



A{n,R) = < 





/ Xi 


X2 ■ 


Xfi ^ 




X-n 


Xi ■ 


Xn—l 


< 


Xn—l 


Xn 


■ Xn-2 




\ X2 


X3 ■ 


Xl J 



kGn 



5) Let G be a finite group of order n and a : G x G — > fc* a 2-cocycle. Let R^ be the solution of the 
F5-equation given by (32). We then obtain directly from (54) that A{n, Ra-) consists of all G x G-matrices 
{a^j)ij^c satisfying the relations 

'^ui-'^v '^^^{'i'^^^ : ui^^)a{iu^^ ,u)a{ui~^ ,v) 
for all i, j, u, V G G. This algebra is separable if n is invertible in k. 

We will now present some new classes of examples, starting from the solution R'f' of the FS'-equation 
discussed in Proposition 3.17. In this case, we find easily that 

Xuv ~ ^uv^ij>{i)u^(j>{j)v 



and, according to (p4|), A{R'^) consists of matrices y^)j satisfying 

n n 



a=l 



a=l 



or 



0'u^<l>{i)v^<t){j)v 



(56) 



for all i,j,v,u = 1, . . . ,n. The left hand side of (56) is nonzero if and only if = 0(j) = v. If 
4>{i) = = V = u, then (56) amounts to 

<-:!*! = E <■ 

{a\<Pia)=<Pii)} 



If cl){i) = (f){j) = V ^ u, then ( |56| ) takes the form 



0. 
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Now assume that the left hand side of ( |56[) is zero. If ^ ^0), then the right hand side of (56) is also 
zero, except when u = v = 4>{i). Then ^q ) yields 



0. 



If < 



4){i) 7^ u, then (56) reduces to = 0. We summarize our results as follows. 



Proposition 4.7 Consider an idempotent map (j) : {l,...,n}— >{!,..., n}, and the corresponding solu- 
tion of the FS-equation. Then A{R'^) is the subalgebra of Mn{k) consisting of matrices satisfying 



a 



Hi) 

j 





{a\^ia)=^ii)} 





(i = 1,... ,n) 

m + m) 



(57) 

(58) 
(59) 



Aill^^ is a separable k-algebra if and only if {R'^, e = trace) is a solution of the F-equation if and only if 
(f) is the identity map. In this case, A{R'^) is the direct sum of n copies ofk. 

Proof. The first part was done above. A{R) is separable if and only if (23) holds. This comes down to 

n 



and this implies that (j){u) = u for all u. (57,58,59) reduce to a* = for i 7^ j, and A{R^) consists of all 
diagonal matrices. 

{R'^ , e = trace) is a solution of the F-equation if and only if (24) holds, and a similar computation shows 
that this also imphes that (j) is the identity. □ 



Examples 4.8 1) Take n = 4, and given by 

m = m = 2, m = m = 4 



(57,58,59) take the following form 



and 



A{4:,R'^) 





= a\-\- 02 




al = 




a% = 0.1 = 





aj = a 


a\ = -al 




al 




fx y — X 


u 


-u \ 




y 










V —V 


z 


t - z 


< 


\0 





t 1 



an = aq 



X, y, z,t,u,v £ k 



The dual coalgebra can also be described easily. Write Xj = (z = 1, . . . , 4), X5 = C3 and xq = of. Then 
C{R'^) is the six dimensional coalgebra with basis {xi, . . . ,xq} and 

A(xi) = Xi (g) Xi + X5 (g) X6, A(X2) = X2 (g) X2, 
A(X3) = X3 (g) X3 + X6 (8) X5, A(X4) = X4 (g) X4, 
A(X5) = Xi (g) X5 + X5 (g) X3, A(X6) = X6 (g) Xi + X3 (g) X6, 

e{xi) = 1 (i = 1,2,3,4), e(xi) = (i = 5,6). 
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2) Again, take n = 4, but let (p be given by the formula 

</.(!) = 1, m = m = m = 2 



Then (57,58,59) reduce to 



a2 = a2 + + = a2 + a'^ + a\ 

1 1 9 9 9 4- 

O3 = O4 = ^1 = ^3 = 04 = C]^ = 0;^ = 0, 



hence 








X, y, z,t,u,v G k 



' ( X Q 
y 

On z y — z — u 

\0 V y — t — V t 

Putting cl = Xi (i = 1, . . . , 4), X5 = and = c|, we find that C{R'^) is the six dimensional coalgebra 
with structure maps 



3) Put 



A(xi) 

A(X3) 
A(X4) 
A(X5) 
A(X6) 

e{xi) 

1, for all i = 1, . 



A(X2) = X2 ® 3^2, 
X3 (g) X3 + (X2 - ^3 - X5) (g) (X2 - X4 - Xe), 
X4 (g) X4 + (X2 - X4 - Xe) (g (X2 - X3 - X5), 
X5 (g X2 + X3 (g X5 + (X2 - X3 - X5) (g X6, 
X6 (g X2 + X4 (g Xg + (X2 - X4 - Xe) (g X5, 

1 (i = 1,2,3,4), e(x,) = (i = 5,6). 



reduce to 



a} = and 1 



a=l 



for all i ^ I. 



5 The category of FS-objects 

Our starting point is the following result, due to Abrams (cf. [Q, Theorem 3.3]): over a finite dimensional 
Frobenius algebra A the categories M-a and are isomorphic. In this Section, we will extend this result 
to weak Frobenius algebras. 



We have seen in Corollary 3A that the equation R^^R^^ = R^^R^^ is equivalent to the fact that a certain 
multiplication on M (g Af is associative. We shall now prove that the other equation, namely R^^R^"^ = 
^23^13^ is equivalent to the fact that a certain comultiplication is coassociative. 

Proposition 5.1 Let {A, uia, 1a) be an algebra, R = '}^R^ ® R^ ^ A® A and 

5:A^A®A, 5{a) = ^R^ ®R^a 

for all a ^ A. The following statements are equivalent 

1 ) {A, 6) is a coassociative coalgebra (not necessarily with a counit). 

2) R^^R^^ = i?23^i3 inA(S)A0A. 
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In this case any left A-module (M, ■) has a structure of left comodule over the coalgebra {A, S) via 

p: M ^ A^M, p{m) ■.= ^R^ ® -m 

for all m G M. 

Proof. The equivalence of 1) and 2) follows from the formulas 

{5(^I)5{a) = R^^R^^ -(lA^lA^a) 
{1^6)6{a) = R^^R^^ ■ {lA(S>lA^a) 

for all a E A. The final statement follows from 

{6^I)p{m) = R^^R^^ ■ {lA®lA^m) 
{I p)p{m) = R^^R^^ ■ {Ia (g) 1^ (g) m) 

for all m e M. □ 

Suppose now that (^4, niA, Ia) is an algebra over k and let i? G ^ (g) ^4 be a ^l-central element. Then 
^12^23 ^ R^^R^^ m A® A® A. It follows that Ar := 5™p) is also a coassociative coalgebra, 
where A/j(a) = (5™P(a) = '^R^a g) R^, for all a ^ A. We remark that Aij is not an algebra map, 
i.e. {A, niA, A^) is not a bialgebra. Any left A-module (M, •) has a structure of right comodule over the 
coalgebra {A, Ar) via 

PR-. M ^ M (^A, pR{m) --^R^ -m® R^ 
for all m G M. Moreover, for any a ^ A and m E M v/e have that 

PR{a ■ m) = ^ a(i) • m g) 0(2) = ^ wi<o> ® am<i>. 
Indeed, from the definition of the coaction on M and the comultiplication on A, we have immediately 

Pfl(a • m) = i?^a ■ m® R^ = a^i) • m (g a(2) 

On the other hand 

?n<o> <g am<i> = i?^ • m (g ai?"*^ = i?^a • m (g i?"^ 

where in the last equality we used that i? is a ^-central element. These considerations lead us to the 
following 

Definition 5.2 Let {A, tua, Aa) be at once an algebra and a coalgebra (but not necessarily a bialgebra). 
An FS -object over A is a k-module M that is at once a left A-module and a right A-comodule such that 

p{a ■ m) = ^ a(i) • m (g a(2) = ^ 'ti<o> ® am^x^ (60) 
for all a E A and m G M. 

The category of FS'-objects and A-linear 74-colinear maps will be denoted by a^S^. This category mea- 
sures how far A is from a bialgebra. If A has not a unit (resp. a counit), then the objects in a^S^ will be 
assumed to be unital (resp. counital). 
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Proposition 5.3 If {A, itia, Iaj A^, £a) is a bialgebra with unit and counit, then the forgetful functor 

F : aJ'S^ ^ kM 



is an isomorphism of categories. 

Proof Define G : kM ^ aTS^ as follows: G{M) = M as a A;-module, with trivial ^d-action and 
74-coaction: 

pirn) = m®\A and a ■ m = £A{a)m 
for all a G A and m€ M.lt is clear that G{M) £ a^S^- 

Now, assume that M is an FS'-object over A. Applying / e^i to (^), we find that 



a ■ m 



^m<o>eA(a)eA(?n<i>) = eA{a)m 



Taking a = 1^ in (pUj), we find 

p{m) = ^ Ia ■ m 1a = m 1^ Ia- 
Hence, G is an inverse for the forgetful functor F : a^S"^ ^ kM. □ 



Definition 5.4 A triple (A, m^, A^) is called a weak Frobenius algebra (WF-algebra, for short) if 

{A, niA) is an algebra (not necessarily with unit), (A, A a) is a coalgebra (not necessarily with counit) and 

(A, niA, Aa) G a^<S^, that is 

A{ab) = ^ a(i)6 a(2) = ^ 6(i) ® a^{2)- (61) 

for all a, b G A. 



Remarks 5.5 1) Assume that A is an VFF-algebra with unit, and write A(1a) = (g) e^. From (^Tj), it 
follows that 

A(a) = ^e^a(g)e^ = (g)ae^ (62) 

and this implies that A'^°^{1a) = ^ (g)e^ is an yl-central element. Conversely, if A is an algebra with unit, 
and e = ^ (g) is an j4-central element, then e^^e^^ = e^^e^^ (see ([l0|)), and it is easy to prove that this 
last statement is equivalent to the fact that A : A A (S> A given by A(a) = Yl (S> is coassociative. 
Thus ^ is a VKF-algebra. We have proved that l^F-algebras with unit correspond to algebras with unit 
together with an j4-central element. 

2) From (|6l|), it follows immediately that / := A'^°p : A ^ A® Aisan A-bimodule map. Conversely, if / 
is an A-bimodule map, then it is easy to prove that A = r o / defines a coassociative comultiplication on A, 
making A into a VFF-algebra. Now, using Corollary we obtain that a finitely generated projective and 
unitary fe-algebra (^4, m^, 1^) is Frobenius if and only if A is an unitary and counitary VF-F-algebra. Thus, 
we can view l^F-algebras as a generalization of Frobenius algebras. 

Proposition 5.6 Let (A, niA, 1a, ^a) ci WF-algebra with unit. Then the forgetful functor 

F : ^ aM 

is an isomorphism of categories. 
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Proof. We define a functor G : aM a^S^ as follows: G{M) = M as an yl-module, with right 
74-coaction given by the formula 

p(m) = ■ m® 

where A(l/i) = ^ e^. p is a coaction because e^^e^^ = e^^e^^, and, using (|6^), we see that 

p{a ■ m) = e^a ■ m0 = a(i) • m iX) a(2) 
= ■ m® ae^ = ?ti<o> am<i> 

as needed. Now, G and F are each others inverses. □ 

Now, we will give the coalgebra version of Proposition Consider a PV^F-algebra (A, niA, ^a, ^a), with 
a counit ea, and consider a = e o ruA ° t : A (E) A k, that is, 

a{c ^ d) = e{dc) 

for all c,d^ A. Now 
so 

^ a{d (g) C(i))c(2) = (e ^ /c)(A(cd)) = {Ic ® e){A{cd)) = ^ a{d(^2) ® c)d(i) 

and a is an FS'-map. Conversely, let {A, Aa) be a coalgebra with counit, and assume that a : A ® A ^ k 
is an FS'-map. A straightforward computation shows that the formula 



c ■ d = ^ <7(d(2) (8) c)(i(i) 

defines an associative multiplication on A and that {A, •, A^) is a VFF-algebra. Thus, VFF-algebras with 
counit correspond to coalgebras with counit together with an F5-map. 

Proposition 5.7 Let {A, niA, Aa, £a) be a WF-algebra with counit. Then the forgetful functor 

F : a:fs'^ ^ M"^ 

is an isomorphism of categories. 

Proof. The inverse of F is the functor G : a^S"^ defined as follows: G(M) = M as a A- 

comodule, with A-action given by 

a ■ m = (T(m<i> (g) a)m<o> 
for all a G A, m G M. Further details are left to the reader. □ 



As an immediate consequence of Proposition and Proposition ^Jj we obtain the following generalization 
of Abrams' result Theorem 3.3] 

Corollary 5.8 Let (A, rriA, ^A, A^, ea) be a WF-algebra with unit and counit. Then we have an equiva- 
lence of categories 
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Let us finally show that Proposition 5.6 also holds over T^F-algebras that are unital as modules over them- 
selves. Examples of such algebras are the central separable algebras discussed in [48]. 



Proposition 5,9 Let Abe a WF-alegebra that is unital as a module over itself. We have an equivalence 
between the categories a-M and a^^S^. 

Proof. For a unital yl-module M, we define F{M) as the ^-module M with A-coaction given by 

p{a ■ m) = a(i) • m (S) a(2) 

It is clear that p defines an ^-coaction. One equahty in ( |60| ) is obvious, and the other one follows from (|6l|): 
for all a, 6 € ^4 and m € M, we have that 

^(6-m)(o) «)a(6-m)(i) = ^ • m (g) 06(2) 

= p{a ■ {b ■ m)) 

It follows that F{M) is an F5-object, and F defines the desired category equivalence. □ 
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